Subgroups of the special linear group containing the diagonal subgroup  by King, Oliver
JOURNAL OF ALGEBRA 132, 198-204 (1990) 
Subgroups of the Special Linear Group Containing 
the Diagonal Subgroup 
OLIVER KING 
Department of Mathematics and Statistics, The Uniuersit.y, 
Newcastle upon Tyne, NE1 7RU England 
Communicated by Peter M. Neumann 
Received October 21, 1989 
The subgroups of SL,(K) containing the diagonal subgroup are determined for 
an arbitrary commutative field K. ‘1‘ 1990 Academic Press, Inc. 
INTRODUCTION 
N. A. Vavilov and Z. I. Borevich have published a number of papers on 
matrix groups and their subgroups containing diagonal or net subgroups 
(with matrices defined over various rings and fields), and yet the “smallest” 
case appears intractable to the methods used there. 
For char K # 2 Vavilov [S] gives a solution to the problem when 
IK*l > IK*/K*2/ (where K* = K- {O}), and in a private communication 
he has informed me of a modification to Proposition 5 of [4] which would 
provide a solution when - 1 E K*2. For finite fields the subgroup structure 
of XC,(K) is well known. 
In Section 3 of [4] I showed that for char K# 2 the subgroup of 
monomial matrices (denoted SGO,(K)) 1s maximal in SL,(K) except when 
K is a small finite field. This involved constructing a transvection in any 
larger subgroup, and the construction required a product of twelve 2 x 2 
matrices. 
In considering the diagonal subgroup (with respect to some basis) the 
same approach yields a transvection in any larger subgroup other than the 
monomial subgroup, For characteristic not 2 the difficulty is the elimina- 
tion of a matrix g (given below) from the product of 12 matrices; the con- 
struction given here involves a product of 32 matrices! In the characteristic 
2 case the expression giving a transvection is more straightforward but for 
imperfect fields the subgroup structure is more complicated. 
We take D to be the group of diagonal matrices in X,(K) with respect 
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to some basis and M, U, and L to be the corresponding groups of 
monomial, upper triangular, and lower triangular matrices. 
THEoREM 1. Zf char K#2 with IKK/ > 11 and ifD<F<SL,(K), then F 
is one of M, U, L, SL,(K). 
THEOREM 2. If char K= 2 with K # GF(2) and if D < F< SL,( K), then 
one of the following occurs: F < U, F < L, or M 6 F. 
Moreover the subgroups of U containing D (respectively, the subgroups of 
L containing D; the subgroups of SL,(K) containing M) are in one-to-one 
correspondence with the subspaces of K considered as a vector space over K’. 
The following may be deduced from any list of subgroups of PSL,(q): 
Result (e.g., Dickson Cl]). The theorem holds for finite fields. 
We observe that given the result above, we may assume K to be infinite. 
(In fact the proof works for sufficiently large finite fields.) 
Fix a basis {x, y} and with respect to this basis let 
where~#O,sothatD={gj,:l~#O}andM={g,,gj,g:~~#O} (thusDhas 
index 2 in M). Transvections centred on x, respectively y, are matrices of 
the form 
and s, = 
Let T and S be the groups of transvections centred on x and y respec- 
tively, then U = D . T, L = D . S (semi-direct products) with D normalising 
T and S. Moreover T and S are isomorphic to the additive group of K 
under the correspondence t,, sI, + p. 
1. CHARACTERISTIC NOT 2 
PROPOSITION 1. Suppose that char K # 2. Then given non-trivial transvec- 
tions t and s centred on x and y, respectively: 
(i) U and L are generated by D u {t} and D v  {s}, respectively; 
(ii) D is maximal in each of U, L, and M. 
Proof. (i) Suppose that 
1 P 
t= 0 1 ( > 
200 
with p # 0; then 
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gj tg,~’ g, t ‘g,‘= 
(  
1 (&$)p 
o 
! 1 
As every element of K may be expressed as the difference between two 
squares, the subgroup generated by D u {t } contains every transvection 
centred on x, i.e., contains T. Given that U = D . T, it follows that D u {t } 
generates U and, by analogy, that D u {s} generates L. 
(ii) Any subgroup of Ii properly containing D must contain a non- 
trivial transvection centred on x and so, by (i), be the whole of U. Thus D 
is maximal in U and, by analogy, in L, 
D is a subgroup of index 2 in M and is therefore maximal. 
PROPOSITION 2. Suppose char K # 2. If D < F and F # A4 then F contains 
a non-trivial transvection centred on x or y. 
Proof By Proposition 1, F $ M. Let f E F with f 6 M. Iff has the form 
then multiplication by g 1,p gives a transvection, and iff has the form 
then for any A# f 1, g,f ’ gj,f is a non-trivial transvection. Thus we may 
henceforth assume that f has no zero entries. 
Writef=(fil), choose 1#0, +l such that fi,f22A#f,2f2,~~L, and let 
P=fi,fn A-.fnf** A-', Y =.f,2.f22(~. -~-‘Yll, a= ~fi*.f;Zf21f22(~- J*p’)2. 
Then 
and this matrix lies in h;’ Fh,. Now h, centrahses D and normalises each 
of M, U, and L; moreover F contains a non-trivial transvection centred on 
x or y if and only if h;’ Fh, does. Therefore we may assume that 
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and, furthermore, since K is infinite there are an infinite number of values 
of (i-A-1)2 and we can thereby avoid any finite number of values of LY. 
We suppose first that char K # 3, 5. Let 
then he F. Writing h= (h,), we claim that h,, =0 and that h,, =0 for only 
Iinitely many values of CC Since we could avoid any finite number of values 
of a at the outset, we can find a value of a # 0, 1, f 2, f 3, - 4, 5, -6 such 
that h,, # 0; and then multiplication by a suitable diagonal matrix gives a 
transvection as required. 
To justify the claim we may replace matrices g,,,, by 
Y2 0 
g,/c5 = o p 
-( 1 
and consider the corresponding matrix 6. First, observe that in computing 
f(x), g,,2f(x), . . . up to k(x), factorisations make the arithmetic manageable 
and yield 
L(x) = 28. 36. 5a2(a - 1)2(a - 2)3(a - 3)*(a - 5)(a + 2)2 
x (a + 3)(a + 4)2(a + 6) x, 
from which h^,, = 0. Second, observe that h^,, =p(a) for some polynomial p 
of degree d 32. In fact p has degree 15, but it is only necessary to show that 
p # 0; this can be done by substituting (for example) a = -1 in the expres- 
sion for h^ to get p( - 1) =2203’052. Thus h^,, =0 for only finitely many 
values of a, and the claim is proven. 
It remains to consider the situation where K has characteristic 3 or 5 
(where the expression above for h would contain undefined matrices). 
When char K = 3 let h = f ~ ‘g,, _ , ),C1 + , Sg,f; then 
h^= ( 
0 -a(a+ 1) 
> a(a+ l)(a- 1)2 a4--‘+a’+ 1 ’ 
When char K=5 let h=f-1g,,~2,,f-‘g,,~,+2,fg2f; then 
h^= a3 2a2+3a+ 1 
0 > a(a+2)2 ’ 
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In each case there are only a finite number of values of CI which need to be 
avoided in order to give a group element h from which a transvection may 
be constructed. 
Proof of Theorem 1. Suppose that F# A4. Then by Proposition 2, F 
contains a non-trivial transvection centred on x or y. It follows from 
Proposition 1 that F contains U or L. But U and L are each maximal in 
SL,(K) (cf. [3]) and the theorem follows. 
2. CHARACTERISTIC 2 
PROPOSITION 3. Suppose that char K = 2 and that D < F with F d U, L. 
Then 
F={g,g”s,t,,:i.#O;a,/lEK,;&=Oor l}, 
where 
K, = {q E K: t, E F}. 
Proof. Observe that t, ( = s,)) is the identity matrix, so 0 E K,. Let 
F, = fgj,g’:s,t~:A#O; a, fl~K,;c=O or 1); 
then DcF,. If F<M then F=M, K,=(O), and F=F,. Suppose then 
that F 6, M and consider f E F such that f $ U, L, M (such f must exist). 
Either f has one zero entry on the leading diagonal or all entries are 
non-zero. 
First suppose that f = (,fii) has one zero entry, then f = g,h, where 1. = fiz 
and 
A=(; :> Or (; k) 
with y # 0, and h E F. Observe that the second matrix is the inverse of the 
first, so F contains both. Let k be the first matrix; then 
kg p,qp+uk-‘gpk,,+l =g 
and so g E F. Thus F also contains gk and kg which are t,, s,, respectively, 
and h = gt, or gs.!. It follows that y E K, and f = gAgt, or g,gs, E F,. 
Now suppose that all f, are non-zero and write A =,fi, Then ,f= gj, h, 
where 
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for some a, p E K with ~1, B, 1+ c.$ # 0. Let 
Then 
( 0 1 e= 1 1 (1+aj3+cx3p3)/lj(l+~~, ’ 
and e E F. Either e = g, or g may be constructed using e and elements of D 
in the manner above; in either case g E F and F contains ge. Observe that 
ge = t,, where y = (1 + c$ + cr’/?‘)/fi( 1 + u/3), Let k = g;’ gh; then 
Employing the same arguments as used for h but with (1 + c$)/cr in place 
of b we deduce that F also contains t,, where 6 = (1 + a*b* + @“/I’)/ 
/I( 1+ LX/?). Hence F contains 
t;, t,= t,, 
and 
gt, gh = tg. 
Since f = g, h = g, gt, gfB = gi.sl tg , it follows that fe F, 
It remains to consider elements of F that lie in U, L, or M. However, 
given that g E F and gs,g = t, (so that s, E F if and only if a E K,), it is 
evident that F, contains all upper triangular, lower triangular, and 
monomial matrices in F. Hence F s F, . 
Conversely, g, E F for E, #O, tB E F for /IE K, (by definition), we have 
established that g E F and therefore s, = gt,g E F for c1 E K, . Hence F, E F 
and therefore F = F, . 
Proof of Theorem 2. We first deal with the subgroups of U (those of L 
following immediately by analogy). Recall that U= D . T (a semi-direct 
product). Thus any subgroup W of U containing D is a product D . T,, 
where T, = W n T is normalised by D. Let 
K,={jkK:t,+T,}; 
then K, is an additive subgroup of K. Since g, tgg;’ = tj.lae W, K, is 
invariant under multiplication by elements of K’. Therefore K, is a 
subspace of K considered as a vector space over the field K2. 
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Conversely, if K, is a subspace of K over K2, the group 
is normalised by D and gives rise to a subgroup D. T, of U containing D. 
Now suppose that D < F with F fi U, L. By Proposition 3, 
where 
F = { g, g’s% t,, : 3. # 0; a, fi E K, ; E = 0 or 1 }, 
K, = {y E K: t, E F}. 
Set T, = Tn F; then T, is normalised by D, and K, = {q E K: t, E T, } so 
that (as above) K, is a subspace of K over K*. It is then clear that M< F. 
Conversely, if K, is a subspace of K over K2 we can define a set F, of 
all g,g”s, tg with a, fi E K, . Clearly A4 z F, ; to show that F, is a subgroup 
of SL,(K), it suffices to observe that 
a;. = gi: k s,g = gt,, tpg = gs/,, 
sz g2 = giSi2a 9 tgg;. = g?, t/lJi2 3 t/G, = g/St/l (when c$ = 1 ), 
t/rs,=g1+./,s ~+z~/it(p+/rhz):(l +x/J? (when c@ # 1) 
with ;“*a, p/L’, c1+ x2/I, (fl + /‘a)/( 1 + afi)’ E K, whenever CI, /I? E K, . It 
remains to show that if ty E F, then 7 E K, but this is straightforward. 
Hence the subgroups of SL,(K) containing M are in one-to-one corre- 
spondence with the subspaces of K over K2. 
Remark. In characteristic 2, A4 is the orthogonal group, O,(K), of a 
quadratic form of Witt index 1 and SL,(K) is also the symplectic group 
Q,(K). Thus Theorem 2 gives the subgroups of Q,(K) containing O,(K) 
and thereby touches on work by R. H. Dye [2] where O,,(K) is shown to 
be maximal in Q,,(K) if and only if K is perfect. 
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